Wheel-legged mobile robots (i.e., robots that use leg and wheel mechanisms) have the potential for efficient movement in response to the environment. Singular configuration is an inevitable problem in wheel-legged mobile robots and must be solved to realize motion. This paper proposes a simplification of the motion generation method in the singular configuration of a wheel-legged mobile robot. The problem of inverse kinematic calculations in a wheellegged mobile robot is first modeled, and a solution method is proposed using an extension of the constraints to the acceleration level and the redundancy of the robot. The singular configuration problem in the low-speed region is then solved using the Levenberg-Marquardt method. A simple decision method using a weighted matrix for the damping factor is also proposed. The method is then verified using a three-dimensional simulation and an experiment.
Introduction
Mobile robots can be classified as either wheeled or legged. Currently, wheeled mobile robots have several applications because they can achieve statically stable motion. A leg mechanism enables a mobile robot to move over uneven terrain. The wheel-legged mobile robot has both leg and wheel mechanisms, thus allowing varying modes of movement by using the wheel mechanism on flat planes and the leg mechanism on uneven terrain. For independent motion in varying environments, the robot must selectively use the leg or wheel mechanism. In this study, a mobile robot control method is developed to achieve motion in different environments by effectively using a wheel-legged mechanism. The wheellegged mobile robot has been mentioned in several related studies: for example, in extreme environments (1)- (3) and in human-to-human support environments (4)- (6) .
The wheel-legged mobile robot allows environmentally adaptable motion. However, the multiple mechanisms complicate the robot's structure. A robot with such mechanisms cannot avoid the problem of singular configuration, a posture in which the robot is structurally unable to achieve motion in a particular direction. Inverse kinematic calculations cannot obtain a solution for singular configuration. Thus, the singular configuration problem must be solved to achieve efficient motion that is adaptable to varying environments. Previously proposed methods to solve the singular configuration problem are discussed in this section. They can be classified into five categories: 1) using a special mechanism (7) (8) , 2) trajectory generation for singular configuration avoidance (9) - (11) , 3) using the redundancy of the robot (12) - (14) , 4) analytically deriving the inverse kinematic solution (15) (16) , a) Correspondence to: Kenta Nagano. E-mail: k.nagano@ieee.org * Faculty of Engineering, Yokohama National University 79-5, Tokiwadai, Hodogaya-ku, Yokohama, Kanagawa 240-8501, Japan and 5) numerically calculating the inverse kinematic solution (17) - (21) . An analytical solution to avoid singular configuration in a wheel-legged mobile robot was proposed by Grand et al.; however, only the steering joint was addressed (22) . An et al. proposed an inverse kinematic solution by offsetting the rotational axes of the steering joint and the wheel (23) . Suzumura et al. described an inverse kinematic calculation by considering multiple kinematic constraints of a wheel-legged mobile robot and proposed a selection matrix (24) . However, the method proposed by Grand et al. was inconsistent with motion because the steering joint calculation was conducted separately, whereas An et al. ' s method required that the structure be changed beforehand, and Suzumura et al.'s method did not consider motion in the direction specified by the selection matrix and thus led to decreased motion performance. To address these problems, Suzumura et al. proposed a method for calculating multiple kinematic constraints by inverse kinematics that considered priority and obtained the inverse kinematic solution of the steering joint by expanding the constraints to the acceleration level (25) . However, this method had a new singular configuration in the low-speed region. Thus, these methods are not suitable approaches. Trajectory generation considering the singular configuration is also not suitable for a robot working in an unknown environment. Therefore, inverse kinematics that consider priority and the extension of constraints to the acceleration level are explored in this study. The Levenberg-Marquardt (LM) method (26) (27) is applied, and a method for determining a damping factor based on the robot manipulability as a solution to the singular configuration problem at low speeds is proposed. Manipulability is one of the indices that quantify robot operability from a kinematic viewpoint (28) . A method for determining a damping factor by resolving the influence of the steering joint was proposed for the wheel-legged mobile robot (29) . This method obtains the influence of the focus joint by separating the Fig. 1 . Overview of the wheel-legged robot manipulability of the robot. In contrast, we propose a simpler method to realize the same effect as the previously reported conventional method.
This paper is organized as follows. The modeling and the problems of the inverse kinematic calculation in the wheellegged mobile robot are described in Sect. 2. Section 3 presents a solution method for the problem of the inverse kinematic calculation using inverse kinematics that consider priority and the extension of constraints to the acceleration level. Section 4 then describes the singular configuration problem in the low-speed region and the application of the LM method to the wheel-legged mobile robot. Finally, the three-dimensional simulation and experiment performed to verify the efficacy of the proposed method are presented in Sect. 5, and the conclusions are drawn in Sect. 6.
Robot Modeling

Model and Coordinate Systems of the Robot
The coordinate systems of the wheel-legged mobile robot shown in Fig. 1 are defined as follows:
• Σ W : coordinates of the world; • Σ B : coordinates of the base link; and • Σ c i : coordinates of the contact point of the i th wheel. The planar robot model in the sagittal plane is shown in Fig. 2 . In this model, w p B , B p c i ∈ R 3×1 are the base position vectors with respect to Σ W and the tip position vectors of each leg with respect to Σ B . The index of each leg, i, is represented as i = 1, · · · , k, where k is the total number of legs (k = 4 in the studied robot). Furthermore, Φ = [φ θ ψ] T is the Euler attitude angle of the base link and θ legi = [θ 1i θ 2i θ 3i ] T ∈ R N is the joint angle vector of each leg, where N is the number of rotation joints in the leg (N = 3 in the studied robot). The crotch yaw, crotch roll, and knee roll joint rotation angle are θ 1i , θ 2i , and θ 3i , respectively, θ wheeli = [γ i φ i ] T is the rotation angle related to wheeled locomotion, γ i is the steering angle, and φ i is the rolling angle of the wheel. Finally, the respective rotation information of each leg is summarized by
Kinematic Constraints on the Velocity Level
Both the mechanical and kinematic constraints, as well as the constraints for the leg and wheel mechanisms, must be considered for performing motion generation. The kinematic constraints at the wheel contact point formulate as a nonslippage condition. Slippage of the contact point in the three-dimensional model was obtained from Grand et al. (22) and Suzumura and Fujimoto (25) :
· · · · · · · · · · · · · · · · · · · · · · · (1)
where u s i is the contact point slippage with respect to the coordinate system of the contact point of the i th leg, R is the radius of the wheel, and w R c i is a rotation matrix from Σ w to Σ c i . The tip velocity vector of each leg with respect to Σ w was then obtained by differentiating the tip position vector of each leg w p
Bṗ c i · · · · · · · · · · · · · · · · · (2)
where wṘ B is expressed as wṘ B = w ω B ∧ · w R B . Furthermore, ∧ is represented as an operator that transforms a 3×1 vector to a 3×3 skew-symmetric matrix, and the cross product can be rearranged into various forms: for example, a(∈
Therefore, the second term on the right-hand side of Eq. (2) was transformed to
Here u si in Eq. (1) was set to 0 to prevent slippage. For simplification, both sides of Eq. (1) were then multiplied by w R T B , transforming Eq. (1) into matrix form:
· · · · · · · · · · · · · · · · · · · · · · · · (3) = J B i ξ B i + J vel W iθ i · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)
where J legi ∈ R N×N is the Jacobian matrix of the rotational joint of the i th leg, and J γ i ∈ R 3×1 is the Jacobian matrix of the steering joint. Each Jacobian matrix can be obtained by the cross product of the rotational axis vector z x and the vector connecting each joint center to the corresponding leg contact point, a x (= B p c i − B p x ). From Eq. (3), the entire body motion satisfying the nonslippage constraints at the wheel contact point can be generated. However, the tip position control cannot be uniquely determined by constraints at the wheel contact point because the 
· · · · · · · · · · · · · · · · · · · · (5) = J vel L iθ i · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (6)
where J vel L i ∈ R 3×(N+2) . Thus, the contact point position for each leg can be controlled by the leg position constraints.
Problems in the Inverse Kinematic Calculation
Here, the problems of the inverse kinematic calculation are described by the kinematic constraints on the velocity level. First, the coefficient matrix J γ i becomes equal to 0 when the vector a γ i (= B p c i − B p γ i ) and the rotation axis vector z γ i are coaxial in the cross product calculation. Therefore, the wheel-legged mobile robot cannot generate appropriate steering with a turning motion; this singular configuration of the steering joint is shown in Fig. 3 . Another problem in the inverse kinematic calculation occurs when the constraints of the wheel and leg positions are simultaneously solved. Eqs. (3) and (5) are combined when these are simultaneously solved:
The pseudo-inverse matrix of the coefficient matrix in the second term on the right-hand side of Eq. (7) is necessary for the inverse kinematic calculation. The size of the coefficient matrix is 6 × (N + 2). Thus, the rank r must be N + 2 when calculating the pseudo-inverse matrix (N = 3 and r = 5 in the studied robot). The rank of the coefficient matrix is given as
· · · · · · · · · · · · · · · (8) Then, Eq. (8) is transformed by the elementary transformation of the matrix as follows:
· · · · · · · · · · · · · · (9)
From Eq. (10), the ranks of the first term and the second term on the right side are less than 3 and 1, respectively. Therefore, the rank of the coefficient matrix becomes r ≤ 4. From this result, the inverse kinematic solution cannot be obtained because the pseudo-inverse matrix is not appropriate due to the rank deficiency.
Method Using Redundancy in the Acceleration Level
In this section, the singular configuration problem is solved for the velocity level of the steering joint by extending the kinematic constraints to the acceleration level. A method of solving the inverse kinematics considering priority for problems with simultaneous constraints is also discussed (25) .
Kinematic Constraints on the Acceleration Level
The wheel constraints on the acceleration level were obtained by differentiating Eq. (3) with respect to time:
where wṘT B and BṘ c i are expressed as wṘT
respectively. Furthermore, B ω c i was transformed as follows:
· · · · · · · · · (12) = (z θ 1iθ 1i + · · · + z θ Niθ Ni ) + z γ iγ i · · · · · · · · · · · · (13) = J ω legiθ legi + J ω γ iγ i · · · · · · · · · · · · · · · · · · · · · · · · (14)
where
Therefore, Eq. (11) can be expressed in matrix form:
· · · · · · · · · · · · · · · · · · · · · · · ·(16)
is a vector composed of the angular acceleration of the joints θ legi and wheelφ i and the angular velocity of the steering jointγ i . From the second column vector in the second term of the right-hand side of Eq. (15), this term does not become zero in the singular configuration of the steering joint because −J ω∧ γ i B R c i Rφ i 0 0 T has a value even if the steering rotation axis is perpendicular to the ground surface. Therefore, a steering joint motion can be obtained in the singular configuration.
Next, the constraints of the leg position on the acceleration level were obtained by differentiating Eq. (5) with respect to time and expressing it in matrix form:
Kinematic constraints considering all the legs can be expressed from the leg position and wheel constraints on the acceleration level:
Then, Eqs. (20) and (21) were combined:
· · · · · · · · · · · · · · · · · · · · (22) P L = J acc L η + b L · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (23) where J B ∈ R 3k×6 , J acc W ∈ R 3k×(N+2)k , and J acc L ∈ R 3k×(N+2)k .
Inverse Kinematics Considering Priority
The angular acceleration of each joint and the constraints on the acceleration level were then obtained by inverse kinematics by considering priority. The inverse kinematics considering priority can be expressed as follows:
where J acc † W and J acc † L are the pseudo-inverse matrices of J acc W and J acc L , respectively. Inverse kinematics considering priority realizes a high-priority task using the inverse kinematic solution of the lower-priority task as the null space input for the high-priority task. Then, the low-priority task is realized by the redundancy of the high-priority task. For this robot, the high-priority task is the wheel constraint, and the lowpriority task is the leg position constraint. Therefore, the solution of the multiple constraints can be obtained.
Problems in Low-Speed Wheeled Locomotion
In this section, a new singular configuration problem in low-speed wheeled locomotion is described. The coefficient vector ofγ i becomes a zero vector in Eq. (15) whenφ i = 0, and vector a γ i is coaxial to the rotational axis vector z γ i . Thus, γ cmd i becomes zero when the wheel is stopped or is rotating at a low speed, causing the steering to vibrate or diverge. This condition is the singular configuration of constraints on the acceleration level. To solve this, the LM method was applied.
Application of the Levenberg-Marquardt Method
The LM method was applied to inverse kinematics considering priority in the acceleration level as a measure of the singular configuration problem in low-speed wheeled locomotion. In the application of the LM method, the pseudoinverse matrices in Eqs. (24) and (25) are expressed as follows:
Here, the LM method is added to the damping factor in the pseudo-inverse matrix. The inverse kinematic solution does not occur as a local maximum in the singular configuration because the pseudo-inverse matrix becomes the full rank in the case of a rank deficiency in the Jacobian matrix. Therefore, the LM method is able to suppress excessive output in a near-singular configuration. The damping factor in the LM method greatly affects the calculated result and is thus necessary to determine the combined motion of the robot. Several studies have examined the decision method for the damping factor (29)- (36) . Nakamura et al. proposed a method in which a damping factor based on manipulability was added in cases where the manipulability was less than the threshold (30) . Wampler proposed a method of adding a small constant value to the damping factor (20) . Ford et al. proposed a method to use the negative natural exponential of the value of the Jacobian matrix determinant as the damping factor and then applied the LM method to the singular configuration of the control moment gyros (31) . Kelmar et al. proposed a method for using the current and previous-step manipulability as the damping factor in the LM method of a sequential calculation (32) . Mayorga et al. proposed a method that limited the minimum of the singular value of the Jacobian matrix in the damping factor (33) . Sugihara proposed a method that used the square norm of the error and added a small value to the damping factor (34) . Maciejewski et al. proposed a method that limited the joint velocity value using the LM method (35) . Deo et al. mentioned that Maciejewski's method determines the damping factor within the framework of the trust region method (36) . All these methods can be classified as one of the following:
• Method based on robot manipulability (29)- (33) • Method based on error minimization (34)-(36) Methods based on error minimization cannot obtain a suitable damping factor when using inverse kinematics considering priority because the trajectory tracking performance of low-priority tasks is reduced. Therefore, methods based on robot manipulability were applied for the singular configuration problem in the low-speed region, as described in the following subsection. Ford's method (31) was first applied as a conventional method. A method resolving the posture of the steering joint (29) was also applied. Finally, a simpler method considering the posture of the steering joint was proposed. (31) Ford et al. proposed using the negative natural exponential of the determinant of the Jacobian matrix as the damping factor. By applying this method to the wheel-legged mobile robot, the damping factors in Eqs. (26) and (27) become
Conventional Levenberg-Marquardt Method
· · · · · · · · · · · · · · · · · · · · · · · · · (28) λ L = α L e − det(J acc L J accT L ) · · · · · · · · · · · · · · · · · · · · · · · · · · (29) where the values α W and α L are empirically obtained. 4.1.2 Method Resolving the Posture of the Steering Joint (29) Because the conventional LM method gives the same damping effect for all the legs, it cannot suppress the vibration associated with each leg's posture. Furthermore, the damping effect is influenced by motion unless the posture is far from the singular configuration. Therefore, the damping factor was altered to reflect the posture of each leg and reduce the damping effects when far from the singular configuration. The damping factors λ W I, λ L I ∈ R 3k×3k are given as follows:
· · · · · · · · · · · · · · · · · (30)
· · · · · · · · · · · · · · · · · · · (31) where λ W i = α W i e −w W i β W i I dls · · · · · · · · · · · · · · · · · · · · · · · · · · (32) λ L i = α L i e −w L i β L i I dls · · · · · · · · · · · · · · · · · · · · · · · · · · · · (33) w W i = det(J acc W i J accT W i ) · · · · · · · · · · · · · · · · · · · · · · · · (34) w L i = det(J acc L i J accT L i )· · · · · · · · · · · · · · · · · · · · · · · · · (35) I dls ∈ R 3×3 is the identity matrix, and α W i , α L i , β W i , and β L i are scalar parameters. The LM method was applied according to the manipulability of each leg. Therefore, the vibration suppression in the steering joint becomes more effective when the wheel rotates at a low speed or stops completely. The effective reflection of the steering motion is necessary because the singular configuration of the steering joint affects motion generation. Therefore, the evaluation indexes w W i and w L i decompose the manipulability of the steering joint from each leg and are given as
· · · · · · · · · · · · · · · (36) w L i = K L legi 3 det(J legi J T legi ) + K Lγ i |det(κ T Lγ i κ Lγ i )| · · · · · · · · · · · · · · · · · · · (37)
κ Lγ i =J γ i · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (39)
The first term on the right-hand side of Eqs. (36) and (37) is the manipulability of the third joint from the first joint, and the second term is the singular value of the steering joint of each constraint. K W legi , K L legi , K W γ i and K Lγ i are the weighted factors. The singular value of the steering joint expresses the size of the rotational motion of the steering joint. Here, adding each term directly in Eqs. (36) and (37) is not appropriate because their orders are different. In our robot, the first and second terms correspond to three joints and one joint, respectively. Therefore, the orders of each term are different when the square root is calculated in the same way as the general manipulability. Thus, each term changes the identical order based on the number of singular values (37) . From the above, the LM method that considers the influence of the steering joint was applied.
Proposed Method Using a Weighted Matrix
Using a method that resolves the steering joint posture is complicated because it calculates multiple manipulabilites separately. Therefore, a method using a weighted matrix was proposed using the following evaluation: w = det(JW J T )· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·(40)
where J ∈ R m×n is the Jacobian matrix, W ∈ R n×n is the weighted matrix, and m and n are the degrees of freedom of the workspace and joint space, respectively. Each matrix is given below:
· · · · · · · · · · · · · · · · · · · (42)
where j mn is the element of the Jacobian matrix and K n is the weighted factor of the n th joint. Then, the evaluation indexes w W i , w L i on our robot are given as follows:
· · · · · · · · · · · · · · · · · · · · (43)
· · · · · · · · · · · · · · · · · · · · · (44)
where W W i and W L i are the weighted matrices defined as
· · · · · · · (45)
· · · · · · · · · · (46) Here, the weighted factor of the steering joint is given a different value from the other joints, thus effectively reflecting the steering joint's influence. In addition, this method does not require decomposition of the manipulability beforehand, which is required by the method that resolves the posture of the steering joint. Therefore, the evaluation index does not become complicated.
The evaluation indexes of each method are different; therefore, the evaluation indexes of the conventional LM method and the method for resolving the posture of the steering joint were adjusted by scaling factors. Thus, Eqs. (28) and (29) are modified as follows:
· · · · · · · · · · · · · · · · · · · · · · · · · (47)
· · · · · · · · · · · · · · · · · · · · · · · · · · (48) where β W and β L are scalar parameters and c Wconv and c Lconv are the scaling coefficients given below:
· · · · · · · · · · · · · · · · · (49)
· · · · · · · · · · · · · · · · · · (50)
The scaling coefficient is the evaluation index divided by the evaluation index of the proposed method using the weighted matrix. Here, the evaluation index of each method in the initial posture that had been calculated in advance was used. Similarly, Eqs. (32) and (33) were modified as shown below:
I dls · · · · · · · · · · · · · · · · · · · · · · · · · · (51)
I dls · · · · · · · · · · · · · · · · · · · · · · · · · · · · (52)
where c W i and c L i are the scaling coefficients, defined as:
· · · · · · · · · · · · · · · (53)
· · · · · · · · · · · · · · · (54) This scaling coefficient is also the evaluation index divided by the evaluation index of the proposed method using the weighted matrix, and using the evaluation index of each method in the initial posture that had been calculated in advance.
Simulation and Experimental Results
A three-dimensional simulation and an experiment considering the singular configuration problem in low-speed wheeled locomotion were performed to verify the proposed method's ability to generate motion.
Workspace Controller
The reference value of the position of each leg and the position of the base link are given below:
) · · · · · · · · · · · · · · · · · · · (55)
· · · · · · · · · · · · · · · (56) wωref B = T(Φ)Φ ref · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (57)
· · · · · · · · · · · · · · · · · · · (58)
where T(Φ) is the transformation matrix between wω ref
Here,Ṫ(Φ) 0 was assumed because of the low effectiveness ofṪ(Φ). The proportion and derivative gains are k pB , k pc i , and k pΦ and k dB , k dc i , and k dΦ , respectively.
Next, joints other than the steering joint were controlled by the acceleration control and the disturbance observer (38) ; their torque is given as
· · · · · · · · · · · · · · · · · · · · · (59)
where M n is the diagonal matrix related to the nominal inertia of each joint other than the steering joint andτ dis θ i ,φ i is the estimated disturbance torque by the disturbance observer. The angular acceleration referenceη ref
· · · · · · · · · · · · · · · (60) where k pθ i ,φ i and k dθ i ,φ i are the proportional and derivative gains, respectively. Furthermore, the steering joint was controlled by the proportional control and the disturbance observer. The torque reference of the steering joint is given as
−γ res i ) +τ dis γ i · · · · · · · · · · · · · · · · · · · ·(61)
where k pγ i is the proportional gain andτ dis γ i is the estimated disturbance torque of the steering joint by the disturbance observer. A block diagram of the entire control system is shown in Fig. 4 .
Simulation Results
The behavior of the robot was confirmed in case of the posture of the singular configuration and the nonsingular configuration as shown in Fig. 5 . Figure 5(a) is the singular configuration because the steering joint is perpendicular to the contact point. By contrast, Fig. 5(b) is not perpendicular to the contact point, therefore, this posture is the nonsingular configuration. The constant velocity trajectory was given to Φ, w p B (= [x B y B z B ] T ), and B p c i (= [x c i y c i z c i ] T ). As shown in Fig. 5 , the given target trajectory was 0.1 m/s in the x-direction when the singular configuration and 0.5 m/s in the y-direction when the nonsingular configuration. The weighted factors used in the method resolving the posture of the steering joint and the proposed method are given in Table 1 . The scalar parameters in each method are given in Table 2 , and the same values were used for all the methods. Here, each weighted factor and scalar parameter were experimentally determined. The Table 2 . Scalar parameter conditions simulation was performed using the robot control simulator (ROCOS) (39) .
The simulation results of the singular configuration are first described. The base position-tracking trajectory in the xdirection and the steering angle of the first leg are shown in Figs. 6 and 7. Figure 6 presents the results when a single kinematic constraint on the acceleration level is used, and Fig. 7 presents the results when the conventional LM method, the method that resolves the posture of the steering joint, and the proposed method using the weighted matrix are used. The standard deviation of the steering angle and the root mean square errors (RMSEs) of the base position-tracking trajectory are given in Table 3 . As shown in Fig. 6(a) , steering vibration occurred at the start of motion, near the singular configuration. Furthermore, a base position-tracking error occurred at the beginning of motion, as shown in Fig. 6(b) . This tracking error was caused by vibration in the steering joint. Figure 7 shows the effective vibration suppression and base position tracking realized in each LM method. From Table 3, each LM method has almost the same effect regarding the tracking of the base position. In addition, the proposed method using the weighted matrix was most effective in vibration suppression of the steering joint. Therefore, the pro- Fig. 6 . Simulation results using a single kinematic constraint on the acceleration level in the case of the singular configuration posed method using the weighted matrix effectively reflects the influence of the steering joint.
The simulation results of the nonsingular configuration are described. Figures 8 and 9 show the base position-tracking trajectory in the y-direction and the steering angle of the first leg. The results with a single kinematic constraint on the acceleration level is shown in Fig. 8 . The results of the conventional LM method, the method that resolves the posture of the steering joint, and the proposed method using the weighted matrix are shown in Fig. 9 . Table 4 shows the standard deviation of the steering angle and the RMSEs of the base positiontracking trajectory. From the result of a single kinematic constraint on the acceleration level in Fig. 8 , the steering joint did not vibrate and the base position-tracking error was small since the posture is the nonsingular configuration. From Fig. 9 , the steering vibration and the base position-tracking error occurred in the conventional LM method because the effect of the damping factor was not sufficiently decreased.
In the method resolving the posture of the steering joint, the steering vibration occurred, however, the base-position tracking error was small. In addition, the steering vibration and the base position-tracking error of the proposed method using the weighted matrix were small. From Table 4 , the steering vibration and the base position-tracking error in the case of a single kinematic constraint on the acceleration level were smaller than the LM methods. The proposed method using the weighted matrix was realized the base position-tracking error almost the same as the case of a single kinematic constraint on the acceleration level. Then, the steering vibration of the proposed method using the weighted matrix was smaller than the other LM method and was sufficiently small in the realization of the motion. Therefore, the proposed method using the weighted matrix can be realized the effective motion generation even in the nonsingular configuration. 
Experimental Results
The experimental results confirmed the simulation results presented in the previous section. Here, the verification was performed for the case of the singular configuration. The LM methods that considered the scaling coefficients were used. In addition, the weighted factors and the scalar parameters are given in Tables 1 and 2, respectively. Next, the motion sequence of the experiment is shown in Fig. 10 . To achieve the same posture as the simulation, a base link trajectory that rises 0.104 m in the z-direction over 4.0 s was first given. A trajectory moving 0.40 m in the x-direction for 4.0 s was also given. Finally, a trajectory that descends 0.104 m in the z-direction over 4.0 s was given to return to the initial posture.
The experimental results of the conventional LM method, the method of resolving the posture of the steering joint, and the proposed method using the weighted matrix are shown in Figs. 11, 12, and 13 , respectively. Each figure shows the position of the base link, the steering joints angle, and the damping factors of the wheel and leg position constraints. The standard deviations of the steering angle of the first leg and the RMSEs of the base position-tracking trajectory are given Table 5 . From Fig. 11 , the conventional LM method was an emergency stop because the steering joint was rotated for around 6.0 s. The damping factor changed drastically from around 3.0 s and affected the steering joint. Therefore, it was impossible to realize the motion. From Figs. 12 and 13 , the method resolving the posture of the steering joint and the proposed method using the weighted matrix realized a trajectory tracking motion of the base link. In addition, with the proposed method using the weighted matrix, the standard deviation of the steering angle was reduced to 49.5% of the method resolving the posture of the steering joint, as shown in Table 5 .
Discussion
Here, we discuss the above results and the effect of each LM method. From the result of the conventional LM method in Fig. 11 , the damping factor changed drastically, which affected the motion of the steering joint. The change in the damping factor occurred because the manipulability of the whole body was decreased. However, the method resolving the posture of the steering joint and the proposed method using the weighted matrix prevented the damping factor from increasing because the evaluation index was calculated by each leg. Next, from Table 5 , the standard deviation of the steering angle was smaller in the proposed method using the weighted matrix than in the method resolving the posture of the steering joint. The damping factor of the method resolving the posture of the steering joint, shown in Fig. 12 , changed considerably by the start of motion and became small. In contrast, for the proposed method using the weighted matrix shown in Fig. 13 , it changed slowly with the start of motion. Furthermore, Eqs. (36) and (37) of the method resolving the posture of the steering joint separated the target joint and ignored part of the influence of the target joint. Then, Eqs. (43) and (44) of the proposed method using the weighted matrix reflected all the influences of the target joint because the weighting is given by the weighted matrix. Therefore, the proposed method using the weighted matrix considered all the influences on the target joint and realized the generation of effective motion. Finally, the computational cost of each method became O(l 3 ). Here, l is the matrix size and is dependent on the Jacobian matrix. The computational time of each method in the experiment is given in Table 6 : the method resolving the posture of the steering joint was the quickest because the size of the matrix is the smallest. However, the computational times of each method are almost the same because they are of the order of microseconds. From the above, the proposed method using the weighted matrix does not need to separate the target joint in advance unlike the method resolving the posture of the steering joint, and the generation of effective motion can be realized.
Conclusion
A method using inverse kinematics that considers priority and kinematic constraints extended to the acceleration level was applied to the inverse kinematic calculation in the generation of motion for a wheel-legged mobile robot. Motion generation was realized using the redundancy of the robot. Furthermore, a new singular configuration occurring at lowspeed wheeled locomotion was identified in the acceleration level. The LM method was applied to this problem. A method for determining the damping factor using a weighted matrix to reflect the influence of the steering joint was then proposed. The effectiveness of the proposed method was verified by a three-dimensional simulation and experiment. The results show that the wheel-legged mobile robot was able to generate motion in the singular configuration using the proposed method. Moreover, the proposed damping factor of the LM method achieved effective trajectory tracking and generated motion of the steering joint by a simple approach.
